
Problems on General Relativity: 5

November 6, 2021

Problem 1. Find the torsion free, metric connection Γi
j and it’s curvature two form Ri

j given a cotangent
frame (e1, e2, e3) such that:

de1 = e2 ∧ e3, de2 = e3 ∧ e1 de3 = −e1 ∧ e2

and a metric tensor:
g = e1 ⊗ e1 + e2 ⊗ e2 − e3 ⊗ e3.

Helpful tip: Given a cotangent frame (e1, ..., en) such that

dei =
1

2
f i

jke
j ∧ ek, f i

jk = −f i
kj

and a metric tensor
g = gije

i ⊗ ej , gij = gji = const

the corresponding torsion free and metric connection is given by

Γi
jk =

1

2
gil(fljk + fjkl − fklj).

The curvature 2-form always is
Ri

j = dΓi
j + Γi

k ∧ Γk
j

Problem 2. Given (e0, e1, e2, e3) = (dt, dx, dy, dz), and a metric tensor

g = −dt⊗ dt + a2(t)(dx⊗ dx + dy ⊗ dy + dz ⊗ dz)

calculate the torsion free metric connection Γa
b, and its curvature Ra

b 2-form.
Helpful tip:

Given (e1, ..., en) = (dx1, ..., dxn), and a metric tensor

g = gabdx
a ⊗ dxb, gab = gba,

the corresponding torsion free metric connection Γa
b is given by

Γa
bc =

1

2
gad(gdb,c + gdc,b − gbc,d)

Problem 3* - optional.
de1 = e2 ∧ e3, de2 = e3 ∧ e1 de3 = ±e1 ∧ e2

g = e1 ⊗ e1 + e2 ⊗ e2 ± e3 ⊗ e3.

Show, that
Le1g = Le2g = Le3g = 0

Hint:
LXω = Xydω + d(Xyω)
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