Problems on General Relativity: 5

November 6, 2021

Problem 1. Find the torsion free, metric connection Fij and it’s curvature two form Rij given a cotangent

frame (e!,e?, e3) such that:

det =e? Ne®, de? =e2 Net de® = —el N é?

and a metric tensor:
g:61®61+62®62—63®63.
Helpful tip: Given a cotangent frame (e!,...,e") such that
i Lo 5k i i
de =§f ke Nev, ik = ="k
and a metric tensor

g=gije’ ®e’, gy = gji = const

the corresponding torsion free and metric connection is given by
i L i
k=59 (fijk + fiwt — frij)-

The curvature 2-form always is _ _ _
le = dFlj + sz A ij

Problem 2. Given (e°, ¢!, e?,e?) = (dt,dx, dy,dz), and a metric tensor
g=—dt@dt+a*(t)(dr @ dr + dy ® dy + dz @ dz)

calculate the torsion free metric connection I'%;, and its curvature R%, 2-form.
Helpful tip:
Given (el,...,e") = (dz,...,dz™), and a metric tensor

9= gapda® @ da®,  gab = Goa
the corresponding torsion free metric connection I'%;, is given by

1
Fabc _ 7gad(

9 Gdb,c + Yde,b — Gve,d)

Problem 3* - optional.
det =e? Ne, de? =e Nel de® = el Ae?

g=e'@el+e2@e? L3 ®ed.

Show, that
'Celg = ‘Ce2g = 'Cegg =0

Hint:
Lxw = X_dw+ d(X w)



